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Abstract. We study the Hamiltonian vector field v = {—df/dw,df/dz) on C^ , where / = f{z,w) is a 

polynomial in two complex variables, which is non-degenerate with respect to its Newton's polygon. We introduce 

coordinates in four-dimensional neighbourhoods of the "points at infinity", in which the function f{z,w) and the 

,_^ 2-form dz A dw have a canonical form. A compactification of a four-dimensional neighbourhood of the non-singular 

T— I level set Tq = f~^{0) of / is constructed. The singularity types of the vector field v\to at the "points at infinity" 

^D in terms of Newton's polygon are determined. 
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Q HHTerpHpyeMbie raMHjibTOHOBbi CHCxeMbi c HenojiHbiMH 

^ nOTOKaMH H MHOrOyrOJIbHHKH HblOTOHa 

Uk' Ejiena A. KyflpHBu,eBa, THMyp A. JlencKHHJ^ 

^^ AHHOTaLi;nH 

i-G HsynaeTCH raMHjibTOHOBO BCKTopHoe nojie v — {—df/dw, df /dz) b C'^ , rj^e f — f{z, w) - mhofo- 

C^ Hjien AByx KOMnjiCKCHiix nepeMeHHbix, HeBbipoxc^eHHbiii OTHOCHTejibHO CBoero MHoroyrojiBHHKa Hbk)- 

S Tona. BBe;i,eHbi KOop^HnaTbi b HCTbipexMepHbix OKpecTHOCTJix "6ecKOHeHHO y^ajiennbix tohck", b koto- 

I— ^ pbix 4)yHKLi,HH f{z,w) H 2-4)opMa dzAdw hmciot KaHOHHHecKHil bh;;. HocTpoena KOMnaKTHcJDHKai^HH 

HeTbipexMepnoii okpscthocth Heoco6oro MHOscecTBa ypoBHH Tq = /^^(O) <J)yHKLi,HH / . BbiHHCJiBHbi 

THnbi oco6eHHOCTeH BCKTopHoro nojiH v\to b "6ecKOHeHHO y;i,ajieHHbix TOHKax" b TepMHnax mhofo- 

yrojibHHKa HbroTona. 
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KMoueeue cAoea: HHTerpHpyeMaa raMHjibTOHOBa CHCTCMa, nenojinbie raMHjibTOHOBbi hotokh, mho- 
royrojibHHK HbiOTona. 
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1 BBG^GHHe 



.^H B pa6oTe paccMaTpHBaeTCH MHoroHjien / : C^ — )• C flsyx KOMnjieKCHbix nepeMennbix, OTjiHHHbiii ot 

/\ KOHCTaHTM. CorjiacHO Ha6jiK)fleHHK) A.H. lUacJjapeBHHa, fljiH TaKoft 4)yHKii;HH / raMHjibTOHOBa chctb- 

j^ Ma {C'^,Ke{dz Adw),Re f{z,w)) o6jiaflaeT flonojiHHTejibHtiM nepBMM HHTerpajioM Im/ h paBHOCHjibna 

C -raMHjiBTOHOBOH CHCTeMB (C^, dz A dw,f{z,w)) (cm. onpeflejieHHe 3.2 hjih [11 |2]). ^aHHbie raMHjib- 



TOHOBbi CHCTeMbi HacTO HBjiHioTca aaMUAbmoHoewMU cucmeMaMU c nenoAHUMU nomoKaMU, T.e. napa 
KOMMyTHpyiomHX BeKTopHbix Hojieii sgrad ^^ f = {~ q^ ^ i^^) h sgrad Im/ (iijiii sgrad^/ = ("sj^i' Sz) 
II i sgrad c/ ) o6jia/i,aeT nenojinbiMii noTOKaMii na jiio6om cjioe 



T^ := r\o = {iz,w) G c^ I fiz,w) = ei, e e 



Pa6oTa BBinojiHena npn no/mep>KKe PoccHitcKoro cfjOHfla cJjyHflaMeHTajibHbix HCCjieflOBaHHit (rpaHTbi X^JV^ 10-01-00748- 
a, 08-01-91300-HH/^ a), IlporpaMMBi no;mep>KKH neflymnx nay^^HBix niKOji PO (rpanT K^ HIII-3224. 2010.1), HporpaM- 
Mbi "PasBHTHe HayMHoro noTeHii,Hajia BBicmefi niKOjiBi" (rpaHT Xs 2.1.1.3704) h HporpaMMBi <I)L[n «HayHHBie h nayMHO- 
neflarorH^^ecKHe KaflpBi HHHOBai^HOHHoit Pocchh» (rpanx Ks 02.740.11.5213). 



OTflejIbHO OTMeTHM, HTO JII060H CJIOH CHCTeMM He HBJIHeTCH KOMnaKTHMM, npHHEM npH HeKOTOpblX ecTe- 

cTBeHHbix orpaHHHeHHHx Ha 4)yHKu;Hio / hohth Bce cjioh HBjiHioTca Heoco6biMH H CBHSHBIMH (cm. Teo- 
peMbi [I] H l2| . TeM caMbiM, KjiaccHHecKaa TeopeMa JlHyBHjijiH nenpHMenHMa ^jih TaKHX HHTerpnpyeMbix 
raMHJiBTOHOBbix CHCTeM. BosHHKaeT saflana (nocTaBjieHHaa A.T. (PoMeHKo) 06 o6o6iii,eHHH KJiaccHHecKoft 
TeopeMbi JlHyBHjiJiH na cjiynaft HHTerpHpyeMbix raMHJiBTOHOBbix chctcm c HenojiHbiMH noTOKaMH, a hmbh- 
Ho: oHHcaHHe TonojiorHH Heoco6oro cjioh, onncaHHe jiarpanxceBa cjioennH b oKpecTHocTH Heoco6oro cjioa, 
nocTpoeHHe anajiora Koop^HHaT fleftcTBHe-yroji. Mbi paccMaTpHBaeM 3Ty sa^any fljiH yKasaHHoro Bbime 
Kjiacca HHTerpnpyeMbix raMHjiBTOHOBbix chctbm c nenojiHtiMH noTOKaMH, KOToptift 6biJi BBe/;eH X. (pjiam- 
KOH 12 H npefljioxcen aBTopaM A.T. (PoMeHKO a A.M. IIIacJaapeBHHeM. B cjiynae rHnepsjiJinnHTHHecKHX 
MHoroHjieHOB f{z,w) = z^ + P{w) , rfle P{w) ~ MHoroHjien c npocTbiMH BemecTBeHHbiMH kophhmh, 
saflana pemena aBTopaMH b [2l HI [5] . 

B HacToameft pa6oTe onpeflejieno ffsa cnoco6a nonojiHeHHH acxopfloa chctcmbi h ee orpaHHHeHHH na 
CJIOH. riepBbiH cnocoG saKJiioHaeTCH b KOMnaKTH4)HKaii;iiii MHoroo6pa3iiH |J Tg c KpaeM nyTCM flo- 

l?-?o|<e 
6aBj[eHiiH K KajK/i,OMy cjioio T^ HCKOToporo Hiicjia "6ecKOHeHHO yfl^ajieHHbix tohbr" h oniicaHHH hx hbtbi- 

pexMepHbix OKpecTHOCTCH, CM. TeopeMyp^ii cjieflCTBiie 4.1 (stot cnoco6 nonojiHeniiH anajioriiHeH TeopeMe 



A.r. XoBaHCKoro [6l §2.2, TeopeMa h saMenaHHe 1] o paspemeHHil ocoGeHHocTeft npH noMomii noflxo^amero 
TopiiHecKoro MHorooGpasiia) . Hpii TaKOM nonojiHeniiii KOMnaKTii4)iiKaii;iiH T^ jiio6oro Heoco6oro cjioh Tj 
flaHHoro ceMCHCTBa SBjiaeTca Heoco6oii KOMnaKTHoft cbhshoh flfiyuepHoa Beni,ecTBeHHOH noBepxHOCTbio. 
BTopoft cnoco6 saKJiioHaeTCH b nonojiHeHiiii iiHfliiBiiflyajibHoro cjioh T^ , ^ G C , ciictcmbi othoch- 
Tej[bHO MeTpiiKii Ha cjioe T^ , ecTecTBennbiM oGpasoM CBHsaHHOii c BeKTopHbiM nojieM sgrad^/lTf , cm. 



onpeflejieHiie 3.3 11 cjieflCTBiie 4.2 Otmctiim, hto pesyjibTaTOM nonojineHHH cjioh T^ BToptiM cnoco6oM hb- 
jiHeTCH CBHSHan flfiyuepHasi Beni,ecTBeHHaH noBepxHOCTb T^ , KOTopan He oGnaaTCjibHO KOMnaKTHa, npiiHCM 
ee KOMnaKTHOCTb paBHOcmibHa nenojiHOTe hotokob napti BCKTopHbix nojieii sgrad £f\Tf,i sgrad ^fl^f , a 
HMeHHo: B cjiynae nenojiHOTbi hotokob nonojiHeHiie cjioh KOMnaKTHO (nanpiiMep, flJiH HenyjieBbix cjioeB 
4>yHKii,iiii f{z,w) = z^ + w"" npii n > 3), a B cjiynae nojiHOTbi hotokob nonojiHCHiie cjioh coBnap^aei c 
caMHM cjiocM II noTOMy HCKOMnaKTHO (HanpHMep, fljiH HCHyjieBbix cjiocb 4)yHKii,iiii /(z, w) = z"^ + w^ npH 
n = 1, 2 ). Bojiee tohho: peayjibTaTOM nonojiHCHiiH cjioh T^ BTopbiM cnoco6oM hbjihctch CBHsnan flByMep- 
Han BemecTBCHHaH noBepxHOCTb T^ c njiocKoii piiManoBoii MeTpiiKoft 11 KoneHHbiM hiicjiom kohhhcckiix 
oco6eHHOCTeii, c yrjioM b KajK/];oii KpaTHbiM nojiHOMy 11 BbipajKaiomiiMCH b TcpMiinax MHoroyrojibHiiKa 
HbioTOHa, npiiHCM noBcpxHOCTb Tg JI1160 KOMnaKTHa 11 roMCOMopcJjHa ccjsepe c nojioJKiiTejibHbiM hiicjiom 
pyHBK, JI1160 HCKOMnaKTHa II iisoMCTpHHHa eBKjmflOBoii njiocKOCTii iijiii njiocKOMy ii;HjiHHflpy (cm. cjiej\- 
CTBHe 4.2). HoTOK B CHjiy flaHHoii raMHjibTOHOBoii ciictcmbi na TaKoii KOMnaKTHoft KOMnjieKCHoii KpHBoft 



T^ onpeflejiHCTCH rojioMopcJjHoii l-4)opMoii A^ na T^ (cm. onpe^ejieHiie 3.3 'A)); fliiHaMiinecKiie cboh- 
CTBa TaKHX noTOKOB iisynajiiicb, nanpiiMep, b paGoTax M.Jl. KoHii;eBiiHa-A.B. Sopiina, CH. HoBiiKOBa, 
A.H. By4)eTOBa 11 jxp- (cm. pa6oTbi [7], j^, |9] h ccbijiKH b hiix). 

^pyriiM pesyjibTaTOM pa6oTbi hbjihctch onHcaHHe b TepMHHax MHoroyrojibHiiKa HbioTona TiinoB oco- 
6eHHOCTeii BCKTopnoro nojiH sgradc/lxe b "GecKOHCHHO y^ajieHHbix TOHKax", cm. cjieflCTBHH 



4.1 



4.2 



B q2]ii q3^ coflepjKiiTCH o63op iisBCCTHbix pesyjibTaTOB (cm. [6j, [lOj, [llj . [12j ) o KoneHHOCTii MHOJKe- 
CTBa KpiiTiiHecKiix SHaneHHii 11 o Tonojiormi nyjieBoro cjioh Tq = /~^(0) flJiH MHoroHjieHa / . HoHBjieHHe 
flaHHoro o63opa MOTiiBiipoBano tcm, hto bo mhotiix pa6oTax, r^e HsynaioTCH TonojioriinecKiie CBOiicTBa 
ajire6paiiHecKiix mhojkcctb (t.b. cobmbcthmx mhojkcctb ypoBHH MHoroHJieHOB), peayjibTaTbi ccJjopMyjm- 
poBaHbi fljiH MHoroHjieHa (hjih CHCTeMbi MHoroHjieHOb) "o6mero nojioJKeHHH", 6e3 hbhoto nepeHiicjieHHH 



ycjioBiiii (anajioriiHHbix ycjioBHHM Tiina neBbipoacfleHHocTii, nepeniicjieHHbiM b onpeflejieniinx 2.2 2.3 



2.4), HaKjia/;biBaeMbix na MHoroHjieH. 3to oGt-hchhctch tcm, hto, b HacTHOCTH, MHoroHjienbi, He yflOBjie- 
TBopHioui,iie /;aHHbiM ycjioBHHM, o6pa3yioT mhojkcctbo Mepbi nyjib b npocTpancTBe Bcex MHoroHjienoB. 
OflHaKO TaKoii noflxofl jiiimaeT bosmojkhoctii iicnojibsoBaniiH nofloGnbix TeopeM b npiijioJKeHiiHX, no- 
CKOJibKy He flacT OTBeTa na Bonpoc o npiiMeniiMOCTii TaKiix peayjibTaTOB k KOHKpeTHbiM MHoroHjienaM. 
B HacTOHni,eM oGsope ccJaopMyjiiipoBaHbi /;ocTaTOHHbie ycjioBHH, HaKJiaflbiBaeMbie na MHoroHjieHbi, fljiH 



B03M0JKH0CTH npHMeHeHHH TRKHX TBOpeM Ha npaKTHKB. 

HpHMeHeHHe pesyjibTaTOB pa6oTbi k KOHKpeTHbiM MHoroHjienaM HjijirocTpnpyeTCH b ^ a TaKJKe b 
npHMepe |3.1[ 

ABTopbi BbipajKaroT rjiy6oKyio npHsnaTejiBHOCTb A.T. (PoMeHKO sa nocTanoBKy 3a/;aHH, A.T. (PoMeHKO 
a AM. IIIacJjapeBHHy 3a npefljiojKeHHyro flJiH HccjieflOBaHHH CHCTeMy, A.B. >KerjioBy sa MHoroHHCjieHHbie 
o6cyjKfleHHa. 



2 OcHOBHbie noHaxHH h yxBep^KfleHHa 

Onpe/i,ejieHHe 2.1 ([6l §2.1 h §3.4]). MnogoygoAhHUKOM HhiomoHa Pj C M^ MHoroHJiena f{z,w) 



atrnz'-w'^ 



HasbiBaeTCH BbinyKjiaa o6ojioHKa MHOJKecTBa TOHeK {l,m) G Z TaKHX, hto ai^m 7^ 0. Pas- 



E 

/,m>0 

MepHocmbK) dim P j MHoroyrojibHHKa HbroTona Pj nasbiBaeTCH pasMepnocTb MHHHMajibHoro acjacJjHHHO- 
ro noflnpocTpancTBa b M^ , co/;epjKan];ero MHoroyrojibHHK HbroTona Pj . MHOZoyzoAbHUKOM P^ C M^ , ot- 
BeHaromHM MHoroyrojibHHKy HbroTona P/ h KOBeKTopy rj G M^* , nasoBeM rpanb (pasMepnocTH 0, 1 hjih 
2 ) MHoroyrojiBHHKa HbroTona Pj , na KOTopoft flocTnraeT MaKCHMyMa 4)yHKii;HH Pj — )■ M , x i— ?• (r/, x) , 
X G P/ , rfle Hepes (77, x) G M oGosHaneHO snaneHHe KOBeKTopa 77 na BeKTope x ^^ (b nacTHOCTH, caM 
MHoroyrojiBHHK HbioTOHa P^ = Pj OTBenaeT nyjieBOMy KOBeKTopy 77 = , a KajK/;aH CTopona MHoro- 
yrojiBHHKa Pj OTBenaeT CBoeMy "BeKTopy BHeniHeft HopMajin") . Ilo MHoroHjieny f{z,w) 



Lm>0 



H KOBeKTopy 7/ onpeflejiHM yceueHHUu mhozohach P{z,w) 



{l,m)&J 



CM. pHC. 




Phc. 1: HpHMep MHoroyrojibHHKa HbroTona 



Hnxce (onpe/;ejieHHg [Z2||2.3| H [Z4| ) BBep^eabi Tpn hohhthh HeBbipojK/];eHHOCTH fljiH MHoroHjiena f{z,w) — 
^ , a HMeHHO onpeflejieHbi HeeupoMcdeHHOcmb MHOzoHAena omHocumeAbHO ceoezo MHOgoyzoAbHUKa Hbm- 
moHa, Heoco6ocmb cjioh f~^{^) Oah cpyuKii^uu f h nenpueoduMocmb MHoroHjiena f{z,w) — ^. JlroGoe 

H3 3THX yCJIOBHH BbinOJIHeHO flJIS MHOrOHJIBHOB "o6merO nOJIOJKeHHH". ITpH BbinOJIHeHHH flaHHblX ycjio- 

BHH y^aeTCH onncaTb TonojiorHHecKHe CBoftcTBa cjioh f~^{0 (c^- TeopeMbi^ pi Ul ^h cjiep^ciBue 



2.1). 



3.1 



TaKJKe TeopeMyp^H cjieflCTBHH 4.1 h 4.2 hhjkc). KaK 6yfleT noKaaano hhjkc, p^anahie CBoftcTBa hbjihkjtch 



HesaBHCHMbiMH (^CM. npHMep 

OnpeflejieHHe 2.2 ([6l §2.1, onpeflejieHne] ) . MnoroHjien f{z,w) HasbiBaexcH neeupoMcdeHHUM omno- 
cumeAbHO ceoezo MHOzoyzoAbHuna Hbtomona Pj , ecjin fljia jiroGoro KOBCKTopa 77 G M?* BbinojiHeno 
cjieflyK)iii,ee ycjioBne: fljia jiK)6oro pemeHHH {z,w) ypaBHeHHH f^(z,w) = 0, jiejKaiii,ero b (C \ {0})^, 
flH4)4)epeHii,Haji df^{z, w) ^ . 

OnpeflejieHHe 2.3. Caocm T^ C C^ MHoroHjiena / : C'^{z,w) — t- C nasoBeM mhojkbctbo T^ = {{z,w) G 
C'^\f{z,w) = £,} . Cjioh T^ C C^ nasbiBaeTCH Heoco6uM p^jia 4)yHKii,iiii /, ecjiii df{z,w) 7^ p^Jin jiK>6bix 
{z,w) G T^. 



OnpeflejieHHe 2.4. MnoroHjieH f{z,w) HasbiBaeTCH nenpueoduMUM, ecjiH He cymecTsyeT ero pasjio- 

>KeHHa Ha MHOJKHTejIH f{z, w) = Pl{z, w)p2{z, w) , rfle Pl{z, w) H P2{z, w) — MHOrOHJieHbl, OTJIHHHbie OT 
KOHCTaHTbl. 

B flajibHeftmeM b ochobhom 5yflyT paccMaTpHBaTbCH tojibko Heoco6bie cjioh HeBbipojKfleHHbix nenpn- 



BOflHMbix MHoroHjieHOB. EcTecTBeHHOCTb 3Toro npe/;nojiojKeHHH noKasbiBaeT cjie/i,yioiii,ee saMenaHHe 2.1 

SaMenaHHe 2.1. JH^Jia saflanHoro MHoroyrojibHHKa P B (0,0) pasMepnocTH diinP = 2 h /i,jih hohth 
Bcex MHoroHjieHOB / , TaKHX HTO Pj = P , BbinojiHeHbi cjieflyiomne CBoftcTBa: 

1) HyjieBOH CJIOH To = {{z,w) G C^ | f{z,w) = 0} HBjiaeTCH neocoGbiM (cm. TeopeMy Q] hjih Q ; 

2) MHoroHjieH f{z,w) HBjiaeTCH HeBbipojK/];eHHbiM OTHOCHTejibHO CBoero MHoroyrojibHHKa HbroTona 
Pf (cm. pi §2.2, TeopeMa]); 

3) MHoroHjicH f{z,w) HBjiHeTCH HenpHBO/;HMbiM (cm. TeopcMy^. 

IIpHMep 2.1. B Ta6jiHii,e Hnxce fljiH KajKfloro h3 BbinHcaHHbix MHoroHjienoB yKasano, BbinojineHbi jih 
fljia Hero CBoftcTBa hcocoGocth nyjicBoro cjioh, HeBbipojKfleHHOCTii OTHOciiTCjibHO CBoero MHoroyrojibHiiKa 
HbioTOHa H HenpiiBO/];HMOCTii. 

Heoco6ocTb Tq HeBbipojK/];eHHOCTb / HenpiiBO/];iiMOCTb / 

+ + + 

- + + 
+ - + 

- - + 
+ + 

- + 
+ - 
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SaMenaHHe 2.2. KaK noKasano b npHMepe 2.1 ycjiOBiiH neocoGocTii cjioh T^ MHoroHJieHa / , neBbipoJK- 

fleHHOCTH MHOrOHJieHa f — (, OTHOCHTejIBHO CBOerO MHoroyrojibHHKa HblOTOHa P/-^ , HenpHBOflKMOCTH 

MHoroHjiena f — ^ hbjihiotch nesaBHCHMbiMH, r^e ^ G C . 

TeopeMa 1 (Kohchhoctb MHoacecTBa oco6bix SHaneHHii |11) . |13)). Uycnih / : C^ — )■ C — KOMUAeKCHUu 
MHOzoHAen deyx KOMnACKCHUx nepeMennux, omAUUHUu om KOHcmaHmu. Tozda MHOMcecmeo Sj C C 
oco6ux SHaueHuu KoneuHO, m.e. UMeem eud Ej = {^i\f^i , zde ^j G C, i = 1, . . . , A^ . 

/(oKaaameAbcmeo. PaccMOTHM b C'^ rj[a/];Koe no/];MHoroo6pa3He X = {(z,w,^) G C^ | f{z,w) = ^} C C^ 
H peryjiHpHoe OTo6pa>KeHHe Pr^ : C'^ — )• C , {z,w,^) >-^ ^ . PeryjinpnocTb OTo6pajKeHHH Pr^ cjieflycT 

H3 TOrO, HTO, B HaCTHOCTH, ''^Lf''" = 1 . 06pa30M OTo6paJKeHHH F := Pr^lx HBJEHeTCH F{X) = C, 

HOCKOJEBKy MHOrOHJICH f(z,w) OTJEHHCH OT KOHCTaHTbl. IIo yCHJieHHOH TCOpeMC BepTHHH (flJIH CXCm) OT- 

cio/i,a cjiepyeT (cm. [11, Fji.III, cjieflCTBHC 10.7]), hto cymecTByeT OTKptiToe no SapnccKOMy nenycToe 

MHOJKCCTBO U C C TaKOC, HTO i^|j7-im) : F^^ (JJ) — >■ U HBJIHeTCH TJiaflKHM MOp4)H3MOM COOTBCT- 

CTByioH^HX cxcM B CMBicjic |1H Fji.III, §10, OHpeflejieHHe] . Ho TeopeMe [111 Fji.III, TeopeMa 10.2] cxeMa 
X^ := Spec(C[z, w]/{f — ^)) HBjiHeTCH peryjiapnoH flJiH jiio6oro ^ G ?7 , T.e., b nacTHOCTH, ona peryjiapna 
B cjiejiyioineM cmbicjec: fl^jia j[io6oh tohkh {z,w) G C^ , TaKoft hto {z,w,^) G X, jioKajibHoe KOJihUfl 
flaHHOH cxeMbi B TOHKe {z,w,^) peryjiapHO b cmbicjic |1H Tji.1, §5, OHpe^ejieHHe] . HoKajKeM, hto OTCiofla 
cjieflyeT, hto {-g^{z,w), q^{z,w)) 7^ (0,0) , T.e. ^ HBjiHeTCH hcocoGbim 3HaHeHHeM 4)yHKn,HH /. JXeAciBH- 
TejibHo, H3 TeopeMbi (cm. |13| TeopeMa 36, c.l21] hj[h [111 Fji.l, yHpajKHenne 5.13]) o tom, hto jroKajibHoe 
peryj[5ipHoe KOJ[bii;o ne hmcct pfiJiaTejieA nyjiH, cjie^yeT, hto f{z,w) — ^ — 3to npoH3BefleHHe Henpn- 
BO/;HMbix MHoroHJicHOB Pi[z,w) 6e3 o6ni,HX Hyjieft, nosTOMy nepaBCHCTBO {-r^{z,w), g:l^{z,w)) 7^ (0,0) 
paBHOCHjibHO CHCTCMe aHajiorHHHbix HepaBCHCTB fljia KajKfloro HenpHBOflHMoro comho^khtcjih Pi{z,w) . 
A fljra HenpHBOflHMoro MHoroHjrena P{z,w) Tpe6yeMoe nepaBCHCTBO flOKa3aHO b |1H Tji.I, TeopeMa 5.1]. 
BcHKoe OTKpbiToe HO 3apHCCKOMy nenycToe no/i,MHOJKecTBO U C C hmcct bh^ U = C\ {^i}iLi ) OTKy/i,a 
o6pa3 Tif MHOJKecTBa oco6bix ToneK coflepjKHTca b {^i}^^ , T.e. KOHenen. D 



3 063op H3BecTHbix pesyjibTaTOB no TonojiorHH cjiogb 

3.1 ^ocTaTOHHfaie ycjiOBHa cb5I3hocth cjioa 

CjieflyromHe flse TeopeMbi[2]H[3]ycTaHaBjiHBaK)T CBHSHOCTb nyjieBoro cjioh MHoroHjiena, aBjiaromeroca 
jih6o HenpHBo/;HMbiM, jih6o HeBbipojKfleHHbiM oTHocHTejiBHo CBoero MHoroyrojiBHHKa HbioTOHa, HMeioiii,e- 
ro pa3MepHOCTb 2. 

TeopeMa 2 (Cbhshoctb cjioh HenpHBO/;HMoro MHoroHjiena |1H Fji.!]). Uycmt) MHoeouAen f = f{z,w) 
HenpueoduM. Tozda uyAeeou caou Tq = /^^(O) cenaeH. 

/JoKaaameAbcmeo. CorjiacHO |1H Fji. I, cjieflCTBHe 1.4] cjioh Tq HenpaBOfl^au Tor^a a tojibko Tor/;a, Kor^a 
Hfleaji, nopojKfleHHbiH MHoroHjienoM / , SBjiaeTCH npocTbiM. 3to, b cbok) onepeflb aKBHBajieHTHO TOMy, 
HTO MHoroHjieH / SBjiaeTca HenpHBOflHMbiM. HenpHBOflHMOCTb CJIOH Tq osHanaeT (cm. ||TT1 Tji.I, onpe^e- 
jieHiie B §1, CTp. 18]), HTO He cyn^ecTByeT yi, 1^ C Tq — co6cTBeHHbix saMKHyTbix (b cmbicjic tohojiophh 

SapHCCKOro) B Tq HOAMHO^KCCTB, TaKHX HTO To = ll IJ 1^2 ) ^TO BJieneT CBHSHOCTb Tq B CMBICJie TOHO- 

jiomn SapHCCKoro. SaMbiKanne Tq cjioh Tq b npoeKTHBHoft hjiockoctii TaKJKe hbjihbtch nenpiiBOfliiMbiM 
(cm. im Fji.l, §1, ynpajKHeniie] ) , npiiHCM Tq \ Tq — KoneHHoe mho^kbctbo tohbk. OTCiofla npoeKTiiBHan 
KpiiBan To CBHSHa b Tonojiorim SapiiccKoro. Ho TeopeMe Ceppa (cm. [11 J /],o6aBJ[eHiie C]) KpiiBaa Tq 
jmneHHo cBH3Ha, oTKy^a cjtoh Tq jiiiHeHHo cBHsen. D 

TeopeMa 3 (Cbhshoctb cjioh HeBbipojK/;eHHoro MHoroHJiena [10' §2.1]). IJycmb mhozohaeh f = f(z,w) 
neeupoMcden omHocumeAbHO ceoezo MHOzoyzoAbHUKa HbmmoHa P j , u dim P j = 2 . Tozda noduHOMce- 
cmeo To •= Tq \ ((C x {0}) U ({0} x C)) nyneeozo caoh Tq = /"""^(O) cbhsho. 

/JoKasameAbcmeo. HycTb X — SaMbiKanne MHoroo6pa3HH X := Tq b flocTaTOHHO nojiHoii npoeKTiiBHoft 
TopHHecKoii KOMnaKTH4)HKaii;Hii M D C^ . CorjiacHo |10| §2.1, TeopeMa], X cbh3ho. Tax KaK X,X 

6HpaLI,HOHaj[bHO SKBHBajieHTHbl II HMeiOT KOMnJieKCHyiO paSMepHOCTb 1, MHOJKeCTBO X \ X KOHCHHO. 
FToSTOMy 113 CBH3HOCTII X nOJiyHaCM CBH3HOCTb X . D 

3.2 Tonojiorna cjioa HeBi>ipo>KfleHHoro MHoroHJiena 

OnpeflejieHHe 3.1. FlycTb M — KOMnaKTHoe anajiiiTiiHecKoe npoeKTiiBHoe MHoroo6pa3iie pa3MepHO- 
CTH dime M = n. ApucfiMemuuecKUM podoM pa{M) MHoroo6pa3iiH M Ha3biBaeTCH ajibTepHiipoBaHHan 
cyMMa 



j9,(M):=^(-l)'=dimc(0'=(M)), 



fc=0 

rfle Hepe3 Q^{M) o6o3HaHeHO npocTpancTBO rojioMopcJjHbix /;ii4)4)epeHii,iiaj[bHbix fc-cJjopMHa M (cm. |10[ 
§1.1]). ^JiH HeKOMnaKTHoro anajiiiTiiHecKoro MHoroo6pa3iiH M' apiicJaMeTiiHecKiiii po/i, onpe^ejiHeTCH 
4)opMyjioii Pa{M') := pa{M) , r^e M — jiio6oe KOMnaKTHoe anajiiiTiiHecKoe npocKTiiBHoe MHoroo6pa3iie, 
6Hpaii;HOHajibHo sKBiiBajieHTHoe M' . 

H3BecTHO, HTO flJiH 6iipaii,iioHaj[bHO SKBiiBajieHTHbix KOMnaKTHbix aj[re6paiiHecKiix MHoroo6pa3iiH 
Mi,M2 BbinojiHeHo dime (r^'' (Mi)) = dimc(fi'=(M2)) h Pa{Mi) = Pa{M2) (cm. [10, §1.1]). HosTOMy 



onpeflejieHiie 3.1 KoppeKTHO flJiH HeKOMnaKTHbix anajiiiTiiHecKiix MHorooGpasHH. Ecjiii Mi ii M2 6iipa- 
ii,iiOHaj[bHO BKBiiBajieHTHbi II dime Mi = 1 , to iimciotch KOHeHHbie noflMHOJKecTBa A^i C Mi 11 A'^2 C M2 , 
TaKiie HTO Ml \ A'"i II M2 \ A'^2 KOMnjieKCHO flii4)(]3eoMop4)Hbi. 

TeopeMa 4 (HeocoGocTb h apii4)MeTiiHecKiiii pofl cjioh [TU} §1.1, TeopeMa 1 b §1.3, TeopeMa b §2.1, 
TeopeMa b §4.1]). Caou Tq = /"""^(O) , onpedeACHHUu HeeupooKdeuHUM (oniHocumeAbHO ceoezo mhozo- 
yzoAhHUKa HbmmoHa Pj ) MHozouAenoM f{z,w) 7^ const c HenyAeeuM ceo6odHUM hachom, sieAHemcsi 



Heoco6uM djiR cf)yHKV,uu f . Ezo apuc^MemuuecKuu pod P(j(To) euuucAnemcfi no cfiopMyAe Pa(To) = 
1 — (— 1) ™ ■^\B^(Pj) , gde B~^(Pf) — KOAUuecmeo ii^eAouucAeHHUx moneK, AecHcauj,ux cmpozo eHympu 
MHOzoyzoAbHUKa HbmmoHa Fj (e monoAozuu MUHUMaAbuozo auhcuhozo npocmpaHcmea, codep^fcaiu,ezo 
Ff). To ecnib, Pa{To) = 1 - 5+(P/) npu dimP/ = 2, u Pa(To) = 1 +-B+(P/) npu dimP/ = 1 . 

IIpHMep 3.1. /],JiH f{z,w) = z" — 1 cjioft To = /~^(0) ~ C x {1, . . . ,n} HMeeT apncJaMeTHHecKHH po/i, 
Pa(To) = l + B^(Pf) = n B CHjiy TeopeMbiWl CooTBeTCTByioiii,aa KOMnaKTHaa anajiHTHHecKaH npoeKTHB- 
Haa KpHBaa M D Tq , GnrojioMopcjaHO SKBHBajieHTHaa cjioro Tq , HBjiaeTCH necBHSHbiM oGteflnneHHeM n 
SKseMnjiHpoB ccjjepbi PHMana: M = C x {l,...,n}. 

CorjiacHO |12t §19.14], ecjiH X — KOMnaKTHoe cbhshoc l-Mepnoe KOMnjieKCHoe MHorooGpasne (r.e. 
puMUHoea noeepxHocnib) , roMeoMopcJjHoe ccjjepe c Hg pyHKaMH, to pasMepnocTb npocTpancTBa rojio- 
MopcJjHbix l-4)opM Ha HeM paBHa Ug . OTCK)fla nojiynaeM cjie^yiomee cjie^cTBHe TeopeM [3] h HI 

CjieflCTBHe 3.1 (KojinnecTBO pyneK y cjioh). IJycmb MHOzouAen f(z,w) — ^ neeupoMcden omnocu- 
meAbHO ceoezo MHOzoyzoAbuuKa Hbrnmona P/-^ , npuucM diniPj_^ = 2 u /(0,0) 7^ ^. Tozda caou Tg 
sieAHemcH Heoco6uM Bah cfiyuKv^uu f u zoMeoMopcfJen afiepe c Ug = B^(Pf_^) pyuKauu u kohchhum 
HUCAOM npoKOAoe, zde B^{Ff^^) nan e meopeMelA 



Onpe^ejieHHe 3.2. BeKTopHbiM nojieM kocou zpaduenm sgrad^/ G Vect(C'^) rojioMopcJanoH 4)yHKLi,HH 

/ : C^ — )• C OTHOCHTejiBHO rojioMop4)HOH 2-4)opMbi uj£ = dzAdw HasbiBaeTCH BeKTopHoe nojie sgrad^/ = 

/ df(z,w) df(z,w) \ / N 

( — Q^ , Q^ ) , saflaHHoe b KoopflnnaTax {z,w) . 

Onpe/i,ejieHHe 3.3. (A) PuManoeou MempuKou nonoAHenuM g^ Heoco6oro cjioh T^ ^jih 4)yHKii;HH / 
HasoBeM pHMaHOBy MeTpHKy g^ = Syin(A^ A^) , r^e zoAOMopcfinan l-cf)opMa A^ onpeflejiena na cjioe 
T^ cooTHomeHHeM A^(sgradc/|Tf) = 1- Otmbthm, hto pHManoBa MeTpHKa g^ HBjiaeTca njiocKoft, a 
HHTerpajiBHbie TpaeKTopHH BeKTopHbix nojieft sgrad^/lTf h ^sgrad^/lTf hbjihk)tch ee reoflesHHecKHMH. 
(B) Ha cjioe T^ onpeflejiena (f)yHKV,UH paccmonHun pg : Tg x Tg — t- M , r^e fljia jiio6bix x,y £ T^ , 

P^{x, y) — HHJKHHH rpaHb flJIHH BCeX KpHBblX, JieJKamHX B T^ H COe/];HHHK)mHX TOHKH X, y , paCCTOHHHe 
B CMblCJie pHMaHOBOH MCTpHKH nonojiHeHHH g^ . 

TeopeMa 5 (KojinnecTBO pyneK h rojioMopcJjHbie l-cJjopMbi na cjioe |10l yTBepjK/i,eHHe a npHMep b §2.2]). 
IJycmb MHOZOHACH f{z, w) — ^ HeeupoMcden orriHocumeAbHO ceoezo MHOzoyzoAbuuKa HbmmoHa P/-g , 
npuHCM diniPj_^ = 2 . Tozda nodMHOMcecmeo T^ := T^ \ ((C x {0}) U ({0} x C)) caoh T^ = f^^{S,) zo- 
MCOMopc^HO c(f)epe c Ug = B^(Pf^^) pyuKajviu u kohchhum hucaom npoKOAoe, zde B^{Pf^^) KaK e meo- 
pcMclA BoAce mozo, 1-cfJopMU A^zw"^ na T^ , zde {l,m) G Z^ — enympeHHue v,eAOHUCAeHHue moHKU 
MHOzoyzoAbHUKa Hbrnmona P/-g , odpasytom 6a3uc npocmpancmea zoAOMopcfinux l-cfJopM na ncKomopou 
KOMnaKmnou cenanou anaAunriuuecKOU npoenmuenou Kpueou X D T^ , 6uzoAOMop(f)no 9KeueaAenmnou 
Mnozoo6pa3uio T^ . 

4 IloBe^eHHe raMHJibTOHOBa nojia b 6ecKOHeHHO y^ajieHHbix TOHKax na 
nonojiHGHHOM cjioe 

Onpe/i,ejieHHe 4.1. (A) CxajKeM, hto MepoMopcJanoe BeKTopnoe nojie v, onpeflejieHHoe na neKOTopoft 
KOMnjieKCHOH KpHBoft, HMeeT noAwc nopndKa k > e mouKC x , ecjiH b neKOTopoft OKpecTHOCTH U tohkh 
X BbinojiHeHO cooTHomeHHe: v = h{u)u~ -^ , r^e u : U ^ C — jioKajibHaa KoopflHHaTa b OKpecTHOCTH 
TOHKH X , h{u) — HeKOTopaa rojioMop4)Haa 4)yHKii,HH na u{U) , TaKHe hto u{x) = h /i(0) 7^ . 

(B) CKajKeM, HTO rojioMopcJaHaa l-cJaopMa A , onpeflejieHHaa na neKOTopoft KOMnjieKCHoft KpHBoft, 
HMeeT noAb nopndKa k > e mouKC x , ecjin b neKOTopoft OKpecTHOCTH U tohkh x BbinojiHeno coot- 
HomeHHe: A = h{u)u du , r^e u : C/ — )• C — jioKajibHaa Koop/;HHaTa b OKpecTHOCTH tohkh x , h{u) — 
HeKOTopaa rojioMopcJanaH 4)yHKii,HH na u{U) , TaKHe hto u{x) = h h{0) ^ . 



Hs onpeflejieHHH 4.1 jierKO cjieflyeT, hto ecjiH rojioMop4)HaH l-4)opMa A na KOMnjieKCHoft KpHBoft 



HMeeT HOJib nopaflKa k b TOHKe x , to b neKOTopoft oKpecTHocTH U tohkh x BbinojineHo cooTHoineHHe: 
A = u^du flJiH HeKOTopoH jioKajiBHOH KoopflHHaTbi u :[/—)• C B OKpecTHOCTH TOHKH X . Hojiroc nopH^Ka 
A; = HBjiHeTCH ycTpaHHMoft oco6eHHOCTbio BeKTopHoro nojiH. HHTerpajibHbie TpaeKTopHH BeKTopnoro 
nojiH V , HMeiomero nojiroc nopH/;Ka 2, H3o6paJKeHbi na pnc. [2] 
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Phc. 2: Hojiioc nopaflKa 2 



HycTb MHoroyrojiBHHK HbroTona Pf-^g yflOBjieTBopaeT cjieflyromeMy ycjioBHro: 
(i) MHoroyrojiBHHK HbroTona P = Pf-^Q coflepjKHT bmbctb c KajKfloft CBoeft tohkoh (u, v) G P npsMO- 
yrojiBHHK conv{(0,0),(ti,0),(0,7;),(u,i;)} = P^u^v_^_^u_^_^v^i . 

YcjIOBHe (i) BKBHBajieHTHO TOMy, HTO P^l_^_^m^i C Pf-^g ^ Pzl-w^^+zl'+w^^ + l P^'^^ HeKOTOpblX HeOTpH- 

ii;aTejibHbix l,m G Z . 

06o3HaHHM D'^ £ := {z G C I Iz — zo| < s} , otkpbitbih flByMepHbift ^hck. 

TeopeMa 6 (HopMajiH3aii,HH neBbipojKfleHHoro MHoroHjiena a 2-(\)opMbi dz A dw b "6ecKOHeHHO yfla- 
jieHHbix TOHKax" cjiobb). Uycmb f{z,w) — Co ^ HeeupoMcdeuHuu mhozohach omHocumeAbHO ceoezo 
MHOZoyzoJitHUKa H-bmmoHa P/-go ' npuucM MHOzoyzoAbHUK HbtomoHa P/-go ydoeAemeopnem ycAoeum 
(i) euuie, u dimPj_g(, = 2 (cm. onpeflejieHHe 2.1). Tozda cymecmeymm e > u R> , maKue umo 



1) Bah akiSou cmopoHU Ti MHOzoyzoAbHuna HbwmoHa, ne AecHcaiu,eu na KoopduHamnux ochx, cyiu,e- 
cmeymm poeno n^i zoAOMopcfJHUx eAOMcenuu Jpj,™ : Dj ^ x {P^oe \ {0}) ~^ (C \ {0})^; ^ < n < n^i , 
maKux umo 



f ° Jr,,n{^^ ^) = ^' Jri,n{dz A dw) = xr,, 



^(«o-l)ar,+K-l)/3r,-l d^ ^ du, 



U 



oo paeHOMepHO no ^ € D^ 



S.o,e 



1 < n < nr, , 



{C,u) G D^^^^^ X (Dg^^ \ {0}) , npuHCM lim„^o l-^r,,n(C, 

zde riYi ~^ ^ paeno KOAUuecmey v^eAOHUCACHHUx moueK na cmopone P; , (ap; , f^Vi ) ~ HecoKpamuMuu 
ecKmop eHeuiHeu HopjviaAU cmopoHU Ti , {uq,vq) G P^ — AK)6aH mouKa na cmopoHe P; , xri,n '■= 1 npu 
(1, 1) P/ , xr,,(3±i)/2 := ±(ai,i - 4a2,oOo,2)"^/^ npu (1, 1) G P; ; 

Sj o6pa3u ecex amux n^ = ^^ nr, eAOMcenuu (omeeuatoinux odnou u moil Dice cmopone, ho paanuM 
SHaueHUHM n , au6o paanuM cmoponaM MHOzoyzoAbuuKa Hbrnmona) nonapno ne nepeceKammcH, u o6s- 
eduHCHue 3mux o6pa3oe codepMcum f~^(D'c i;)\Dq ji (m.e. donoAHenue smozo o6neduHeHUH e f~^(D'c ^) 
ospaHUHeHO, a nomoMy UMeem KOMnanmHoe aaMunanue e C"^ ); 

3) Kaotcdoe omodpacuceHue D? x {Dq ^ \ {0}) — )• (C \ {0})^ , 

{i,u) I—)- {u'^^iVTz{Jvi,n{^:U)),u'^^i'Pvyj{JYi^n{i,'u))) , npodoAMcaemcH do zoAOMopcfJHOzo omo6paMceHUH 
Jvun : I?|,, X Dl^ ^ (C \ {0})2, maKozo umo /("^''''^')(Jr„n((e,0))) = 0, zde Pr„Pr^ : C^ ^ C - 
npoeKV,uu na nepeyw u emopym KOMnoHenmy coomeemcmeeHHO, f^"^i'"^i>(^z, w) - yceueHHUu MHOzouAen 
(cm. onpeflejieHHe 



2.1). 



SaMenaHHe 4.1. B flencTBHTejiBHocTH, TeopeMa p^ h ee flOKaaaTejibCTBo (a TaKJKe cjie^cTBHe 4.1 6e3 
4)opMyji fl^jia AglTjCiC/r n ^ 5clT£n!7r n ) ocTanyTCH BepHbiMH, ecjiH BMecTO ycjioBHH HeBbipojK/];eHHOCTH 



MHoroHjiena / OTHOCHTejibHO CBoero MHoroyrojibHHKa HbroTona (cm. onpeflejienne p^ h ycjioBHH (i) h 
dimPj_go = 2 Ha MHoroyrojibHHK HbioTOHa P/-50 HajiojKHTb cjieflyioiii,He (6ojiee cjia6bie) ycjioBHH. Bo- 
nepBbix, noTpe6oBaTb BbmojineHHe ycjioBHH onpeflejieHHH 2.2 fljiH jimGoro KOBeKTopa rj £ M^* , UMemmezo 
xomn 6u odny noAOMCumeAbHyn) KoopduHamy. Bo-BToptix, HajiojKHTb ycjioBHH (i) h diinPj_g(, = 2 He 
Ha MHoroyrojiBHHK HbroTona P/-go ' ^ ^^ MHoroyrojibHHK Pf_£ := conv{(0,0)} U (U^F/) , r^e U^r^ — 
oG'BeflHHeHHe Bcex CTopon F; MHoroyrojibHHKa HbroTona Pj-^q , ne jiejKamHX na KoopflnnaTHbix ochx. 
B 3TOM cjiynae P/-50 — ^f-f ■ 

CjieflCTBHe 4.1 (O KOMnaKTH4)HKaii;HH saMKHyToft OKpecTHOCTH cjioh). Uycmb eunoAHenu ycAoeun meo- 
peMU 6 . HMeemcH KOMUAeKCHoe 2-MepHoe censHoe MHOzoo6pa3ue M^ = Mi 



&,£ 



c KOMUAeKCHO aHaAumu- 



uecKUM aniAacoM U3 n^ + 1 Kapm, noAyueHHoe U3 M = Mf ^ '■= f {Di ^) C C npuKAeueanueM n^ 
3K3eMnAHpoe MHOCHcecmea D^ xDq^ C C? npu noMoiu,u eAODKenuu Jvi^n (cm. TeopeMy GL 






maKoe umo 



M^ \ M^ ~ D? ^ X {0} X {1, . . . , n^} ("6ecK0HeHH0 ydaAeuHue" mouKU p^.Vi.n ) u 3aMUKaHue Tg C M^ 
KaMcdozo cjioH T^ = f^^{C) 6 M^ , HBAHemcH KOMnanmHUM caocm Tg = f^^{C) HeKomopoil soAOMopcfJ- 
Hou cpyHK'nuu f : M^ — )• C , .^ G Z?? ^, maKou umo /|^/4 = / u MHOMcecmea KpumuuecKux moueK 
(pyHKV^uu f u f coenadamm. B Uyi^u '■= Jvi,n{D'j ^ x (Dq^ \ {0})) C M^ eenmopHoe noAe sgrad^/, 



1-^opMa A^ u puManoea MempuKa nonoAHenuM g^ (cm. onpeflejieHHH 3.2 h 3.3 ^A)) UMemm CAedymiu,uu 
eud e KoopduHamax {^,u) G Dj ^ x {Dq^ \ {0}) U3 meopeMU 6; 

Sgrade/|t/r,„ = ^^(l-«o).r,+(l-.o)/3r,+l^^ 

TTpu amoM {uq — l)ar; + (^0 — l)/^?; — 1 > mozda u moAbKO mozda, Kozda MHOzoyzoAbHUK HbfomoHa 
Pf-^Q codepMcum xomn 6u odny eHympeHHtoKi mouKy c ii^eAUMU KoopdunamaMU (m.e. Kozda T^y 96 5^ J. 

SaMenaHHe 4.2. Hpn |^ — ^o| < £ BeKTopnoe nojie sgrad^/l^; na KOMnaKTHoft cbhshoh noBepxHOCTH 

T^ = f~^{^) HMecT poBHo n^ oco6bix ToneK, HHfleKCbi KOTopbix paBHbi (1 — uo)ari + (1 — vo)(3ri + 1 , cm. 
cjieflCTBHe 4.1 noBTOMy cyMMa HH^eKCOB paBHa n^ — 25'(Pf_ g) , r ^e S(P/_j) — njioiii,aflb MHoroyrojib- 
HHKa conv{(l, 1)}U (UiF;) . C /;pyroH CTopoHbi, ho cjieflCTBHio 3.1 po/i, HOBepxHOCTH T^ (t.c. KOJinnecTBO 
pyneK) paBen Ug = B^(Pf_^) . Tax KaK cyMMa hhackcob oco6bix tohbk BeKTopnoro hojih paBHa 2 — 2ng , 
HOjiynaeM paBencTBO n^ — 25'(P/_^) = 2 — 2i?"'"(Pj_^) , paBHOCHjibHoe HSBecTHoft TeopeMe ElnKa. 

/JoKa3ameAbC'meo meopeMU^ CnaHajia otmcthm, hto b CHjiy ycjioBHH (i) bbihojihcho ap; > h /3r; > , 
HpHHCM HO KpaHHeft Mepe oflHO HepaBencTBO CTporoe. HycTb fljiH OHpe^ejieHHOCTH {uq,vq) — HanajibHaa 

BepHIHHa CTOpOHbl F; C 9P/_^q ho OTHOmeHHK) K HOJIOJKHTeJIBHOH OpHeHTan;HH (npOTHB HaCOBOH CTpejI- 

kh) saMKHyTOH jioMaHOH dPf-^Q C C . Tor/;a u;ejiOHHCJieHHi.ie tohkh CTopoHbi F; HMeiOT KoopflHHaTbi 

{un,Vn) '■= {uq — nf3ri,vo + nori) > n = 0,1, . . . ,nr; . J^ajiee, paccMOTpHM bbktop ij := (ar;,/3r;) Bnem- 

Heft HOpMajIH CTOpOHbl F; H OTBeHaK3Hl,Hft BMy yceHeHHblft MHOrOHJieH f^{z,w) = ^ aM„,j;„^""'U^^" = 



z«o«;-oPr, (^) , rfle 



n=0 



nr, rar. 



n=0 n=0 



FTycTb yi,...,y„p — Kopnn ypaBHeHHH Priiu) = 0. SaMeTHM, hto Bce KopHH ypaBHeHHH Pviiy) = 

paSJIHHHbl (TaK KaK f{z,w) — HeBbipOJKflCHHblft MHOrOHJien) H He paBHbl HyjIK) (TaK KaK ttuo^vo 7^ H 



a«nr ,«nr = aMo-nr,/9ri,«o+nr;ar( /O B CHJiy TOro, HTO (uo,fo) H (li„j,^ , ^nr, ) = (^0 " "Fj/^rp I'D + "-r^arj) 
— BepniHHbi MHoroyrojibHHKa HbroTona). Hojiojkhm y := yn , r^e n = 1, . . . , rar, . 
Illar 1. riycTb a^i ^ . PaccMOTpHM OToGpajKenne 

le^e^ar^f^rrV ■ (^0,.. \ {0}) X Dg,,, ^ C^, {n, g) ^ {u'^^^ ,u~^^^ {y + gf'^^i), 

rfle £2) £3 > — HeKOTopbie HHCjia. HoKajKeM, hto cymecTByeT eflHHCTBeHHaa HenpepbiBHaa 4)yHKii,HH 
9ri,niS,,u) ) TaKaa hto BbinojineHbi cooTHomeHHH 

9ri,ni^,0) = 0, /o/^2,£3,Qr,,/3r,,J/("'5'r,,n(^,u)) = ?• 

B caMOM flejie, SHaneHHe jiK)6oro MOHOMa ak^mZ^W^ MHoroHjiena f[z,w) nanape {z,w) = Ie2,e3,ar ,/3r ,y{'^^9) 
paBHo ak^mz^w"^ = ak,^u-^''^i-"'^^i{y + g^l'^^i = afc,„n-"ri""-^r,^o^ar,(«o-fc)+/3r,K-m)(y + ^)W"r, 
SaMeTHM, HTo a^i {uq — k) + /3r, {vo — rn) > , nocKOJiBKy (A;, m) G P/-go ' ^ "^r; (^0 — k) + /?r, (^o — m) = 
Tor^a H TOJiBKO Torfla, Kor^a (fc, m) G F; , nocKOJiBKy (ar^ ) /^F; ) — BHeniHHH HopMajib k F/ . OTcro^a 
cjieflyeT, hto / o /g^^eg^ap ,/3p ^y{u,g) — ^ = u^'^^i'^°^'^i.'"°{Pri{y + g) + . . .) , rp^e HeBbinncaHHbie mohombi 
HMeroT CTeneHB no nepeMeHHoft u 6ojiBme jih6o paBHyro eflHHHii,e. PaccMOTpHM b o6jiacTH C x Dq x Dq ^ 
rojioMop4)HyK) 4)yHKii;Hio 



Fit u,g) := (/ o Ie,,e,,ar„^r„yi^,g) " Ou''^^-'>+^^^^° = Pr.iy + g) + . . . 

H paccMOTpHM ypaBHenne F{tu,g) = 0. SaMCTHM, hto ^jih jiK)6oro ^ npn u = noflCTanoBKa 
5 = /];aeT pemeHne, nocKOjiBKy y — KopeHB ypaBHeHHH Priiv) = 0, T.e. F(^, 0, 0) = 0. /],ajiee, 
{dF/dg)\(^^Qfi\ = (Pp (y + 51) + . . . )|(^,o,o) = -ff (y) 7^ ^ ' '^^^ ^^^ (^ CHjiy HeBBipojKfleHHOCTH MHoroHjiena 
/ ~ Co OTHOCHTejiBHO CBoero MHororoyrojiBHHKa HBroTona P/-^q ) MHoroHjien Pp; iv) He HMeeT KpaTHBix 
Kopneft. HosTOMy, no TeopeMe o nesBnon 4)ynKu;HH, cyni,ecTByK)T £1,62) £3 > 0, Taxne hto cyni,ecTByeT 
eflnncTBennaa dpyaKu^na gri,n '■ F>^ ^ x -^oeo ~^ ^Oe? C C co cbohctbom 

5r,,n(e,0) = 0, Fitu,gr„nitu)) = 0, 

a, CTajio 5bitb, /£2,e3,Qp ,/3p ^y{u,gri,niS,,u)) £ T^ . Bojiee Toro, corjiacno TeopeMe o nesBnon 4)ynKu;HH, 
4)yHKLi;HH gri,n = gri,n{S,,u) HBJIHeTCH rojioMop4)noH. 
LUar 2. /],ajiee, nojiojKHM 



J. 



ei,e2,e3,ctr 



,l3Ti,yi^^'^) '■= h2,e3,ari,fSri,y('^^9ri,n{^,u))- 



OTCiofla H H3 onpeflejienHH 4)ynKu;HH F n CBoncTBa F{tu,gri,nitu)) = nojiynaeM 
/ ° Jei,£2,S3,ari,l3ri,y(.^^^) = ^ ■ BBinnCJIHM 



J:. .„ .„ „. «. .,(rf^ A dw) = diu-'^^i ) A d{u-^^i [y + flr,.nf£, u))^'''^. 

\(l-"r,)/Q!r 



.„«,«.or„*,.»('«2 /^ *")= *"°''') A d(u-*. (j + 9r„,.K. ..))""■•.) 



rfle neBBinncannBie MonoMBi, KaK n npejK/];e, HMeioT CTenenB no u 6ojiBme jih6o paBnyro eflHnHu;e. FIo- 

3TOMy 

Jt,,e2,e3.ar,,Pr,,yid^ ^ M = u^r^^-'>-'^+('^^'"'>-'^-'h{t u)d^ A du, 
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Tflfi h{^,u) — rojioMop4)HaH OTflejiennaH ot nyjiH 4)yHKLi;HH flsyx KOMnjieKCHMX nepeMeHHMX b neKOTopoft 
OKpecTHOCTH TOHKH (^0) 0) . OTCKJfla cyii],ecTByK)T e > H aaMena KoopflHHaT ^ = VTj,™ : U{S,o,0) — )■ 

^|o,e ^ ^0,e ' i^ ■ itu) ^ (I, u) , TaKHe HTO | = ^ H 

(^.i,e2,.3,«rp/3r,,S ° ^'^Tidz A d^) = Xr,,„ n"r,(«o-l)+/3r,K-l)-l^^ ;^ ^^^ 

rfle C/(^0)0) C C^ — neKOTopaa OKpecTHOCTb tohkh (^0,0) b C^ , >cri,n G C!\{0} KaK b (JjopMyjinpoBKe 
TeopeMbl. riojIOJKHM Jr,,„ := Jei,£2,e3,orp/9r;,y ° V'"^ ■ 

nyHKT3) cjieflyeT H3 Toro, hto Jr,,niLu) = {l,y + gn{^,u)), 5n(C,0) = , y 7^ h /(°rp/3r,)(i^ ^) = 
Pviiy) = . Hs nyHKTa 3) cjie^yeT, hto limu_j>o |<^ri,n(?)'w)| = 00 paBHOMepno no ^ G .D? j, . 

Illar 3. /],OKajKeM, hto Jgj^gj.ea.ar ,Pt ,y ^ BjiojKeHHe. fipnycTau npoTHBHoe, Tor^a cymecTByioT (,^1, ui) 
H (6,^*2), TaKHe HTO (Ci,Ui) / (^2,^2) H -'si.ea.es.ar, ,/3r, ,y(^l> ^l) = •^i,e2,e3,arp/3r, ,y (6, ^2) ■ OTCIOfla 
6=6, TaKKaK 6 = f{JeuS2,e3,ari,f3Ti,yi(l^^l)) = /(-'£i,e2,e3,arp/3r, ,§(6, ^2)) = 6 , o6o3HaHHM ^ := ^1 = 

6 ■ C flpyroH cTopoHbi, TaK KaK {u^"''',u-^ ''' {y+gri,n{^,ui)y^"^i) = {u^"'^' ,U2 ''^ (y+5'r,,n(6 ^t2))^^"''0 , 
TO gri,ni^,ui) = gri,ni^,U2) H (b cHjiy B3aHMHOH npocTOTbi ap; H /3r; ) ui = U2 , npoTHBopenne. 

AHajiorHHHO onpeflejiaeTca BjiojKeHne Jei,e2,e-i,ar ,/3r ,y > ^cjih ar, = h /Jp; 7^ (KaK cjieflCTBHe, 
/3r, = 1 )■ TeM caMbiM, nynKTbi 1) h 3) flOKasanbi. JUpKayKeu nyHKT 2). 

Illar 4. /],OKajKeM, hto oGpasbi nocTpoeHHbix BjiojKeHHft nonapno ne nepeceKaroTca. HycTb F^^ 7^ F^j ■ 
BosMOJKHbi /];Ba cjiynaa. 

C'Ayuau 1. HycTb Qr,, 7^ , i = 1,2. /],onycTHM, hto cymecTByroT ni,n2 G N, 1 < ni < np; , 
^ ^ n-2 < n-pi , TaKHe hto fljia jiK)6bix ckojib yroflHO Majibix £1,62 > cymecTByroT {^i,Ui) , |6 — 
61 < El, \ui\ < 82, i = 1,2, TaKHe HTO BbinOJIHeHO COOTHOmeHHe: Jei,S2,e3,ar ,/9r ,yn (65^1) = 
-^ei,£2,£3,"r, ,/9r, ,y„2 (^2, ^i2)- Torfla 



-"rji -"r^o 



^'^^'i^.-, , „ \l/"r. .^-'^r, i/a 



UTCKJfla 1^2 ^ ^ = ^ J a, SHaHHT, U2 ^1 orpaHHHeHO h OTflejieno 

OT HyjiH (npH cKojib yroflHo Majibix n2 ). CjieflOBaTejibHo, ar; (^Vi — or; /^F; = 0, OTKy^a BeKTopbi 
(ap; 5 f^Ti ) H (ar; ; Pti ) nponopu,HOHajibHbi, a noTOMy coBna/;aK)T, npoTHBopenne. 

CnyHau 2. HycTb a^i 7^ h ar; = (saMeTHM, hto oflHOBpeMenno paBencTBa nyjiro ar,, = 0, 
i = 1,2, HeBOSMOJKHbi, B CHjiy ycjioBHH r^^ 7^ Ti^ ). ^onycTHM, HTO cyni,ecTByK)T ni,n2 G N, 1 < ni < 
^F; 5 1 < f^2 ^ ^F; ) TaKHe HTO fljiH jiK)6bix CKOJIB yroflHO Majibix £1,62 > cyn;ecTByK)T (6,^ij), 
16 ~ 61 < £1 ) Ki| < £2 , i = 1,2, TaKHe hto BbinojineHO cooTHomeHHe: J^j^gj.ea.ar ,/3r ,j/n (6)'"i) = 

Jei,e2,£3,0,l,yn2(.^2,U2). ToTfla U^ ^ = (^na + STi^ .na ) '2 . OTCKifla U^ ^ OrpaHHHeHO H OTflejieHO OT 

HyjiH (npH CKOJIB yroflHO MajiBix ui ), hto hcbosmojkho b CHjiy ycjioBHH ap; > , npoTHBopcHHe. 

^ajiee, paccMOTpHM CTopony F; . IlycTb ap; 7^ . ^onycTHM, hto cyru,ecTByioT rii, n2 G N , 1 < ni < 
n2 < np; , TaKHe hto fljia jiioGbix ckojib yroflHO MajiBix £i,£2 > cyni,ecTByioT {^i,Ui) , |6 — 61 < ^i 1 

\Ui\ < £2, « = 1,2, TaKHe HTOBbinOJIHeHOCOOTHOmeHHe: Jei,e2,e3,ar,,/3rpJ/ni (6, ^^l) = «^ei,e2,£3,ar,,/3rpyn2(6,^i2) 

Torfla yni-yn2 = 5'r,,n2(6, W2)-5ri,ni(6, ^ti) , ^to hcbosmojkho, b cHjiy Toro, hto y„i 7^ yn2 h gri,nU,u) 
— orpaHHHeHHaa rojioMopcjanasi 4)yHKLi;HH, npHHCM g^i „(6 0) = , npoTHBopcHHe. AnajiorHHHO paccMaT- 
pHBacTCH cjiynaft, Kor^a Pyi 7^ . 

Illar 5. ^OKaJKCM, hto npn < £1 < |ao,o — 6|/2 mhojkcctbo 



r'iDLeJ \ U Jeue2,es,c.r„Pr,,y,. (^L^x >< (^0^2 \ {0})) 
OrpaHHHCHO B C^ . 06o3HaHHM X := y Jg^^gj.sa.ar ,/3r ,yn(^£ e ^ (-^0e2\"L0})) ■ OcTajIOCb HOKasaTb, HTO 

f^^{DJ ^)\X orpaHHHCHO. /],onycTHM npoTHBHoe, Tor/i,a cyiu,ecTByeT nocjieflOBaTCjibHOCTb [zj^Wj) G 
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f~^{D^ ^ ) \ X , j G N , TaKaa hto jih6o Zj — t- oo , jih6o Wj ^ qo . Tor/];a |zj| = e"^, |wj| = e^^ , r^e 
Oj, /3j G M H maxjaj, /3j} — )■ +00 . BosMOJKHbi flsa cjiynaa. 

CAyuau 1. ^onycTHM, hto ^jih jik)6oh CTopoHbi F; MHoroyrojibHHKa HbroTona nocjieflosaTejibHOCTb 
{aj,/3j) OTflejiena c TOHHOCTbK) flo nponopii;HOHajii.HOCTH OT BeKTopa HopMajiH (arp /^F; ) ■ Tor/];a |/(zj,t(;j)- 
^^.| = e^o^J+^o^^da^o^^J +0(1)) npH j -> 00 , r^e S,j := f{zj,Wj), du,v ■= au,v npn {u,v) / (0,0), 
ao,o := flo,o ~ Ci ) uq,vq £ Tj — KoopflnnaTbi BepniHHbi MHoroyrojibHHKa HtioTOHa, na KOTopoft sHaneHne 
BbipajKeHHH ajUo + /Jji'o HanGojibinee (TaKaa BepniHHa b paccMaTpHBaeMOM cjiynae, 6e3 orpaHHHeHHH 
o6ru,HOCTH, He saBHCHT OT j npH flocTaTOHHO 6ojibmoM j ). JleBaa nacTb nojiyneHHoro paBencTBa paBHa 
HyjiK), a npaBaa OTjinnna ot nyjiH, npoTHBopeHHe. 

CAyuau 2. TaKHM o6pa30M, nocjieflOBaTejiBHocTb (aj, /3j) c tohhoctbk) flo nponopi^HonajiBHocTH cTpe- 
MHTca K BeKTopy BHeniHeft HopMajiH (arn/^rj) neKOTopoft CTopoHbi F/ MHoroyrojibHHKa HbioTOHa. B03- 
MOJKHbi flBa no/;cjiyHaH. 

nodcAynau 2a. /],onycTHM, hto (arp/Sp;) = (~1)0). Tor/i,a \zj\ = e~*^ —^0, |tt;j| = e°'*^' — t- +00, 
rfle t,- — 7- +00 npH 7' — )• 00 , h /];jih jiio6oro MOHOMa |z^w?| = e^^^~^^°^^'' , p,q £ Ij. OTcro^a cjie^yeT, 
HTO = f{zj, Wj) — ^j = 0(1) + /(O, Wj) — S,j , rfle ,^j := f{zj,Wj) . HosTOMy, BBH^y Toro, hto \wj\ — )■ 00 , 
HMeeM /(O, w) = const , to ecTb f{z, w) —S, = zL{z, w) flJiH neKOToptix KOHCTaHTbi ^ G C h MHoroHjiena 
L = L{z, w) . IlojiyHHjiH npoTHBopenne BBH^y ycjioBHH (i) a dimPj_^y = 2 . 

IJodcAyuau 26. TaKHM o6pa30M, a^i > h /3r, > . HanoMHHM, hto Li;ejioHHCjieHHbie tohkh CTopoHbi 
r^ HMeroT Koop/];HHaTbi {uo—n/SY^ , VQ+nari) ' ^ = 0, 1, . . . , np; , r/;e (uq, vq) — HanajibHaH BepniHHa cto- 
poHbi Ti C 9Pj_^y no OTHomenHK) k nojioJKHTejibnoH opHenTan;HH (npoTHB nacoBon CTpejiKn) saMKnyTon 
jioManoH 9P/_5(, C C. HycTb fljiH onpe^ejiennocTH ap; / (Tor^a Qp; > 0, Pti > h |zj| — )• 00), 
paccMOTpHM ( ari -snannoe) OToGpajKenne 



B ce6H. 

Xj -> 00 , |yj| = |xj|°(^) , OTKyfla 



.-r-, ctp ^p 1/ctp 

o6jiacTH (C \ {0}) X C B ce6H. Tor/];a Zj = x- ' , Wj = x- 'y- ' fljia neKOTopbix Xj,yj G C. PlMeeM 



\n=0 / \n=0 

rfle Un '■= uq — n/3r, , t"™ := I'd + nap; • no3TOMy 



nr 



= fiz„w,) - i, = .--^--'^^^ 0(|x,|-/^) + ^r^"^' E «---^" 

V n=0 / 

npn j ^ 00 . OTCKJfla nojiynaeM, hto nocjieflOBaTejibnocTb y^ G C MOJKeT CTpeMHTbCH tojibko k 6ec- 
KonennocTH (npn vq < , f „p < ) , k nyjiro (npn vq > , f „p > ) n k KopnsM Mnoronjiena 

Priiy) '■= T^n=o^un,vny"' ■ HepBoe neB03MOJKno, Tax KaK f{z,w) HBjiaeTCH o6binnbiM MnoronjienoM (a ne 
MnoronjienoM Jlopana), a noTOMy wq > n f„p > . BTopoe TOJKe neB03MOJKno, TaK KaK b npoTnnnoM 
cjiynae Bbmojinajiocb 6bi \xj\ ^ 00 a \yj\ = \xj\~'^i — )■ flJiH neKOToporo e^ — )■ , OTKy/];a Ej > (nann- 
naa c neKOToporo j), n |xj|~^'^ = ll/jp'^^^-* = od^jT' ) ^ito npnBOflHT k npoTHBopennro. HosTOMy 
nocjieflOBaTejibnocTb yj G C orpannnena n MOJKeT hmctb cbohmh npeflejibntiMH TonKaMH tojibko Kopnn 
Mnoronjiena Pt; (y) ■ 

Be3 orpannnenna o6ni,nocTH 6yfleM cnnTaTb, hto linij_^oo yj = y™ =: y G C n Pviiv) = iy — y)Q{y) , 
rfle Q — Mnoronjien CTenenn np; — 1 , Tor^a y ^ b cnjiy ycjioBHH neBbipojK/];ennocTH. 

OnpeflejiHM nepeMennbie (u, g) = hr^^yix, y) := {x~^,y — y) , Tor^a b 3thx nepeMenntix b OKpecTnocTH 
nanajia Koop/];HnaT OTnomenne {f o hri — £,)/x^'^'°'^^~^^° ' HBjiaeTCH rojiOMopcJjnon 4)ynKn;HeH F{^,u,g), 
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coBnaflaromeft c BBefleHHoft na mare 1. Tax KaK {uj,gj) — )• (0,0) (b CHjiy Xj — )• oo h yj — )• y no 
flOKaaaHHOMy Bbime), |^j — ^o| < ei h F{S,j,Uj,gj) = , to b cHjiy mara 1 HMeeM gj = gri,n{Cji'Uj) > 
HaHHHaa c neKOToporo j , r^e S,j '■= f{zj,Wj) a gri,ni^,u) ^ 4)yHKii;HH h3 mara 1. 0TCH3/];a h h3 mara 2 
HMeeM 

{zj,Wj) = hr, o h-K{uj,gj) = {uj "^' , u- ^' {y + gj^'^'^i ) 

— -'e2,e3,or;,/9r;,yV''^J5 S'jj = '^ei,e2,e3,ar;,/3r; ,y isj) % j- 
Oicioj^a. {zj,Wj) G X , HaHHHaa c neKOToporo j , npoTHBopenne. D 

Cjie^CTBHe 4.2 (YcjioBne KOMnaKTHOCTH nonojinenHbix cjioeB, THnti oco6eHHOCTeH nojia sgrad/|Tf )• 
Ilycmt) f{z, w) — S^Q — HeeupoMcdeuHuu mhosohach oniHocumeAhHO ceoezo MHOzoyzoAbHuna HhmmoHa 
P/_gp , ydoeAemeopsimmuu ycAoeum (i), npuucM diniPj_^g = 2, zde diniPj_^(j — pasMepHocmb mu- 
HUMttAtiHozo AUHeuHozo npocmpaHcmea e 'S? , codepMcauj,ezo P/-go ■ Tozda cyiLi,ecmeyem e > maKoe, 
umo Bah ak)6ozo ^ G C , \^ — ^o\ < £ , eunoAHeno: 

(A) MHOzoHAeH f{z,w) —^ HeeupoMcdcH omHocumeAbHO ceoezo MHOzoyzoAbuuKa Hbrnmona P/-^ , 
^ — Heoco6oe SHauenue, dim P/-^ = 2 ; 

(B) npu Ug := B^iV f_^) > 1 nomoK eenmopHozo noAS sgrad^/lTf neAnemcn nenoAHUM, u nonoA- 
Henue T^ caom T^ = f~^{S,) oniHocumeAbHO MempuKU nonoAHenuM g^ HeAHemcH KOMnaKmnou censHou 
noeepxHocmbfo c uaockou MempuKo u u kohuhcckumu oco6eHHOcmHMu; ama noeepxHocmb zoMCOMopcpna 
CAOK) Tg = f~^{S,) (cm. cjieflCTBHe 4.1), zoMeoMopcfJna ccfiepe c Ug pynnaMU, npuncM |T^ \ Tg| = n^ , 



u e moHKax MHOMcecmea T^ \ T^ , uaaueaeMux GecKoneHHo yflajieHHbiMH, Mempuna uMeem KonuuecKue 
oco6eHHOcmu; npu Ug = nomoK eeKmopnozo noAsi sgrad^/lTf MeAnemcn uoahum, u nonoAHCHue T^ 
AK>6ozo CAon T^ omHocumeAbHO McmpuKU nonoAHCHun g^ coenadaem c caMUM caocm T^ u usoMem- 
puHHO eeKAudoeou nAOCKOcmu uau nAOCKOMy v^uAundpy; 

(B) pasAUHHUM cmoponaM MuozoyzoAbuuKa HbmmoHa, ne AeMcaiu,UM na KoopduHamnux ochx, co- 
omeemcmeymm pasAUUHue 6ecK0HeHH0 ydaAennue mouKU na Tg ; KOAUuecmeo pasAUUHUx 6ecK0HeHH0 
ydaACHHUx moueK, omeeuafoinux odnou u mou Mce cmopoHe Ti MHOzoyzoAbHUKa HbmmoHa, paeno tiyi ; 
npu Ug > 1 (coomeemcmeeHHO Ug = ) e KaMcdou U3 amux nioucK ecKmopuoe noAe sgrad/lxf UMceni 
oco6eHHOcmb noAtoc nopndna [uq — l)ar; + (fo — l)/5r; — 1 > (coomeemcmeeHHO HOAb nopndKa (1 — 
Uo)oLT-i +(1 — 'yo)/3r( + 1 > J; npu Ug > 1 nAOCKan McmpuKa na nonoAHCHHOM caoc T^ UMcem e KaMcdou 
6ecKOHeHHo ydaACHuou mouKc KOHuuecKym oco6eHHocmb c noAHUM yzAOM 27r((no — l)ar; + {vq — l)/?ri) • 

/JoKaaamcAbcmeo. IlyHKT (A) cjie^yeT h3 TeopeMbifTlH Toro cJaaKTa, hto b CHjiy ycjioBHa (i) MHoroyrojib- 
HHK HbroTona MHoroHjiena f{z,w) — ^o coBna^aeT c MHoroyrojibHHKOM HbroTona MHoroHjiena f{z,u)) — ^. 
IlyHKT (B) cjieflyeT h3 cjieflCTBHH 3.1 TeopeMbi|2]H cjieflCTBHH 4.1 IlyHKT (B) cjie^yeT h3 TeopeMbi[2]H 



cjieflCTBHH |4.1[ n 

5 IlpHMepM 

IIpHMep 5.1. IlycTb /(z, w) = z'^+w^ , Tor^a oco6oe 3HaHeHHe oflHO h paBHO . J^Jia JiK)6oro S, G C\{0} 
Heoco6biH cjioH T^ ~ T'^\{p(,i,p^,2,P^,3} ~ Top 6e3 Tpex GecKOHenno yflajieHHbix ToneK. B KajK^oft 6ecKo- 
HeHHO yflajieHHOH TOHKe p^ j , i = 1, 2, 3 , BeKTopnoe HOJie sgrad/ HMeeT ycTpannMyro oco6eHHOCTb. J^ea- 

CTBHTejIBHO, KpHTHHeCKaH TOHKa paBHa (0, 0) , OCo6oe 3HaHeHHe paBHO , MHOJKeCTBO HeOCo6i.IX 3HaHeHHH 

coBnaflaeT c C \ {0} . MnoroyrojibKHK HbroTona fljia MHoroHjiena f{z, w) —^ = z"^ + w'^ —S, , (, G C\ {0} , 
jiBjiaeTca TpeyrojibHHKOM c BepmnnaMH b TOHKax ^i(3, 0) , ^2(0, 3) , ^3(0, 0) , cm. pncp] IlpoBepHM, hto 
MHoroHjien f(z,w) — ^ , ^gC\{0}, HBjiaeTCH HeBbipoJK/i,eHHbiM OTHOCHTejibHO CBoero MHoroyrojibHHKa 
HbKJTOHa. 06o3HaHHM CTopony A2A3 MHoroyrojibHHKa HbroTona Hepe3 Fi , CTopony Ai^s Hepe3 r2 , 
CTopoHy A1A2 Hepe3 T3 . MnoroHjien, OTBenaromnH rpansM Pi h r2 , paBen Pr^{y) = Pr-iiu) = U^ ~ C 
H He HMeeT KpaTHbix Kopneft. MnoroHjien, oTBeHaK)m,HH cTopone T3 , paBen Pr^{y) = y^ + 1 h ne HMeeT 
KpaTHbix KopHeft. OTCK)/;a cjie^yeT, hto ycjioBHH TeopeMbi [6] BbinojiHeHbi. Kojikhcctbo ii,ejioHHCJieHHi.ix 
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TOHeK CTporo BHyTpH MHoroyrojibHHKa HtroTona pasHO Ug = 1 , KOjinnecTBO Li,ejioHHCJieHHi.ix tohck na 
CTopoHe Fs paBHO 2, nosTOMy n^ = 3 . Ilo TeopeMe [6] cjioft Tg HMeeT Tpe6yeMbie CBoftcTBa. 



m 




Phc. 3: MHoroyrojiBHHK HbioTOHa MHoroHjiena P^c. 4: MHoroyrojibHHK HbioTOHa MHoroHjiena 



fiz,w) 



z^ + w^ 



e 



f{z,w) 



z^ + w'J 



IIpHMep 5.2. riycTb f{z,w) = z^ + w'' , p,q £ N, Tor^a oco6oe SHaneHne oflHO a paBHO 0. ^Jia 
jiio6oro .^ G C \ {0} Heoco6biH cjioft Tg roMeoMopcJjeH ccjaepe c {{p — l){q — 1) — {gcd{p,q) — 1)) /2 
pyHKaMH H 6e3 gcd{p, q) GecKoneHHo yflajieHHtix ToneK. B KajKfloft 6ecKOHeHHo yflajieHHoit tohkb p^ j , 



1, . . . , gcd{p, q) , BeKTopHoe nojie sgrad / HMeeT oco6eHHOCTb nojiioc nopa^Ka 



(p-l)(g-l)-l 



1 . Jle&- 



gcd(p,g) 

CTBHTejiBHO, KpHTHHecKaH TOHKa paBHa (0, 0) , oco6oe 3HaHeHHe paBHO , MHOJKecTBO Heoco6bix SHaneHHH 
coBna/i;aeT c C \ {0} . MHoroyrojibHHK HtioTOHa fljia MHoroHjiena f{z, w) —^ = z^ + w'^ —^ , (, G C\ {0} , 
SBjiaeTca TpeyrojibHHKOM c BepniHHaMH b TOHKax Ai{q, 0) , ^2(0, p) , ^3(0, 0) , cm. pncll] IlpoBepHM, hto 

MHOrOHJieH f{z, w) — (, , ^ G C \ {0} , HBJiaeTCH HeBbipOJKfleHHbIM OTHOCHTeJIBHO CBoero MHoroyrojiBHHKa 

HbioTOHa. 06o3HaHHM CTopoHy A2A3 MHoroyrojiBHHKa HbioTOHa nepea Fi , CTopony Ai^ds nepes r2 , 
CTopoHy A1A2 Hepes T^ . MnoroHjieH, OTBeHaromnft CTopone Fi , paBen P^j^d/) = y^ — ^ h He HMeeT 
KpaTHbix KopneH. MnoroHjieH, OTBenaromHit CTopone F2 , paBen Pr2 [v) = V^ ~ ^ ^ He HMeeT KpaTHbix 
KopHeit. MnoroHjien, OTBeHaioiii,HH CTopone F3 , paBen Py^ (y) = yS^"'^''?) + 1 h ne HMeeT KpaTHbix Kop- 
Heti. OTCio/i,a cjie^yeT, hto ycjiOBHH TeopeMbi [HJBbiHOJiHeHbi. KojinnecTBO Li;ejioHHCjieHHbix ToneK CTporo 
BHyTpH MHoroyrojiBHHKa HbioTOHa paBHo Ug = {[p — V){q — 1) — (gcd(p, g) — l))/2, KojinnecTBo H,ejio- 
HHCjieHHbix TOHeK Ha CTopoHe F3 paBHO gcd(p, g) — 1 , H03T0My n^ = gcd{p,q) . Ho TeopeMe ro^ cjioh Tg 
HMeeT Tpe6yeMbie CBoftcTBa. 



HpHMep 5.3. nycTb f{z,w) = z'^ + Pn{w) , r/;e Pn{w) — MHoroHjien o^hoh nepeMeHHoii CTeneHH n, 

n 

Pn{w) = ^ akW , ao . . . , On G C, an 7^ 0, Tor/;a oco6bie aHaneHHH paBHbi ^j = Pn{w^) , r^e w^ 

k=Q 
— KopeHb ypaBHenna P'niw) = 0, i = l,...,n — 1. /],jih JiK)6oro ^ G C \ {^j}"j^ Heoco6biH cjioh 
T^ roMeoMop4)eH ccjaepe c [(n — l)/2] pyHKaMH h 6e3 (3 + ( — 1)") /2 6ecKOHeHHO yflajiennbix ToneK. B 
KajKflOH 6ecKOHeHHO yflajieHHoit TOHKe p^^i , i = 1, . . . , (3 + ( — 1)") /2 , BeKTopnoe Hojie sgrad/ HMeeT 



OCo6eHHOCTi. HOJIIOC HopH/;Ka 



n-2 
gcd{n,2) 



1 . /],eHCTBHTejibHO, KpHTHHecKaa TOHKa paBHa (0, w^) , rfle w^ 



KopeHb ypaBHeHHH Pn{w) = , i = 1, . . . , n—1 , OTcro^a oco6bie snaneHHa paBHbi ^j = /(O, w^) = Pn{w^) , 
MHOJKecTBO Heoco6bix SHaneHHH coBHa^aeT c C \ {CiJi^Ti ■ MnoroyrojibHHK HbroTona fljiH MHoroHjiena 

f{z,w) — ^ = Z^ + Pn{w) — ^, ^ G C \ {^i}^^i , HBJIHeTCH TpeyrOJIBHHKOM C BepmHHaMH B TOHKaX 

Ai{n,0) , ^2(0, 2) , ^43(0,0) , ecjiH oq — ^ 7^ 0, cm. pnc p] h TpeyrojibHHKOM c BepniHHaMH b TOHKax 
Ai(n, 0) , ^2(0, 2) , ^3(1, 0) , ecjiH ao — ^ = , hphhcm b stom cjiynae ai 7^ , TaK KaK ^ — Heoco6oe 
SHaneHHe, cm. pnc. km HpoBepHM, hto MHoroHjien f{z,w)—^, ^ G C\{^j}"j'-^ , HBjiaeTCii HeBbipojKfleHHbiM 
OTHocHTejibHo cBoero MHoroyrojibHHKa HbioTona. 06o3HaHHM cTopony A2AS MHoroyrojibHHKa HbioTona 
Hepes Fi , CTopoHy j4i^3 nepes F2 , CTopony A1A2 nepea F3 . MnoroHJien, OTBenaiomHH CTopone Fi , 
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paseH jih6o Pp^ (y) = y^ + ao — ^ , ecjiH oq — ^ 7^ , jih6o Ppi (y) = u'^ + o-i , ecjiH oq — ^ = . B CHjiy 
Toro, HTO ^ — Heoco6oe SHaneHHe, oq — ^ = h oi = He MoryT BbinojinaTbCH oflHospeMeHHO, no3TOMy 
Ppi He HMeeT KpaTHbix Kopneft. MnoroHjieH, OTBeHaromnft CTopone r2 , pasen PY^iu) = Pn{y) — ^ h 
He HMeeT KpaTHbix KopneH. MnoroHjieH, OTBenaromHit CTopone T-^ , pasen Ppa (y) = y^ + ^n h He HMeeT 
KpaTHbix Kopneft. OTcro^a cjie^yeT, hto ycjioBHH TeopeMM [6] BbinojiHeHM. KojinnecTBO Li,ejioHHCjieHHbix 
TOHeK cTporo BHyTpH MHoroyrojiBHHKa HbioTOHa paBHo Ug = [{n — l)/2] , KOJinnecTBo ii;ejioHHCjieHHbix 
TOHeK Ha cTopoHe Fa paBHo (1 + (—!)"■) /2 , HosTOMy n^ = (3 + (— 1)")/2. Ho TeopeMe p| cjioh T^ 
HMeeT Tpe6yeMbie cBoftcTBa. 
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Phc. 5: MnoroyrojiBHHK HbroTona MHoroHjiena Phc. 6: MnoroyrojibKHK HbroTona MHoroHjiena 
f{z, w) = z"^ + Pn{w) - ^ npH C / ao f{z, w) = z"^ + Pn{w) - i npH i = aQ 
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